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Abstract 



We compute quantum corrections to finite-size effects for various dy- 
C^ . onic giant magnons in tfie AdS^ x CP^ in two different approaches. 

The off-shell algebraic curve method is used to quantize the classical 
string configurations in semi-classical way and to compute the cor- 
O ' rections to the string energies. These results are compared with the 

Q ■ F-term Liischer formula based on the S*- matrix of the AdS4/CFT3. 

The fact that the two results match exactly provides another strin- 
gent test for the all-loop integrability conjecture and the exact S- 
r> ' matrix based on it. 
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1 Introduction 

The AdS/CFT correspondence P between string theories on AdS backgrounds and supersym- 
metric conformal gauge theories has been studied very actively and produced many exciting 
developments in understanding non-perturbative structures of the string and gauge theories. 
In the AdS4/CFT3 duality the three-dimensional conformal field theory is A/" = 6 super Chern- 
Simons (CS) theory with SU{N) x SU{N) gauge symmetry and level k. This model, which 
was first proposed by Aharony, Bergman, Jafferis, and Maldacena (ABJM) [2], is believed to 
be dual to M-theory on AdS4^ x S"^ /Z^. Furthermore, in the planar limit of iV, fc — )■ oo with 
a fixed value of 't Hooft coupling A = N/k, the M = Q CS is believed to be dual to type IIA 
superstring theory on AdS^ x CP'^. 

In the strong coupling limit A > > 1 , the string theory on AdS 4, x CP^ is classically integrable 
[SI in IS] and probably maintains the integrability for any value of A which would lead to the all- 
loop Bethe ansatz equations (BAEs) as conjectured in [6]. A discrepancy in one-loop correction 
to the energy of a folded spinning string from the all-loop Bethe ansatz results [3 13 |9] can 
be resolved by a non-zero one- loop correction in the central interpolating function h{X) [lOJ. 
Based on the assumption that the ABJM model in the planar limit is quantum integrable 
along with centrally extended sm(2|2) symmetry, the exact S'-matrix has been conjectured and 
used to confirm the above exact BAEs in [llj. However, this working hypothesis of all-loop 
integrability needs to be checked in all available methods. An efficient way is to compute and 
compare finite-size effects from both S'-matrix and string theory sides. A most successful way 
for S'-matrix side is the Liischer formula which computes small energy shift of on-shell particle 
states due to the finite-size of the system. 

In the classical string theory side, various classical string configurations which correspond 
to the on-shell particle states have been identified. In addition to such classical string configu- 
rations as small giant magnon (GM) (CP^) [12] and small dyonic GM (CP^) [121 HI] which have 
also found in AdS5/CFT4, new type of classical string solutions like pair of small GM (MP^) 
[121 Ha US], pair of small dyonic GM (MP=^) [17], and big GM [TH HH |20l |2T] have been also 
discovered in AdS 4^ x CP^. The finite-size effects for these string configurations have been com- 
puted by either solving the superstring sigma model directly such as Neumann- Roso chat ius 
reduction or the algebraic curve method [TTl [TSl |221 US]- Leading finite-size corrections for 
the AdS4/CFT3 string configurations have been confirmed by the /i-term Liischer formula for 
non-dyonic (CP^ and MP^) GM [23] and dyonic (MP^) GM [^. 

The purpose of this paper is to provide some more stringent tests of the exact S'-matrix in 
the strong coupling limit. In the string theory side, we implement the off-shell quantization 
of the algebraic curve method developed in [25] for the various string configurations. These 
are compared with the F-term Liischer formula in the S'-matrix side. These two independent 
computations are shown to be identical, which provides a stringent test for both S'-matrix and 
all-loop integrability conjecture. This paper is organized as follows. We will present in sect. 2 
the quantum corrections for various classical string configurations using the off-shell algebraic 
curve formulation. The S'-matrix and the F-term Liischer formula based on it are used in sect. 3 



to derive the finite-size effects. We will also generalize the one loop energy shifts to general 
multi-magnons in sec. 4. We conclude the paper with a few remarks in sect. 5. 



2 Algebraic curve method 



2.1 GMs in the algebraic curve 

In quantum field theory, quantum effects can be obtained by considering fluctuations of fields in 
an effective Lagrangian. However, this method can be very complicated for the string theory on 
nontrivial background. A more efficient way to compute semi-classical effects of string solutions 
has been developed in [26l |27| [25] on the basis of classical integrability of the string sigma- model 
on AdS backgrounds. The classical integrability of type IIA superstring on AdS4 x CP'^ has 
been shown in [5|, Hj and the related algebraic curve has been constructed in [S] . 

In the algebraic curve framework, different string solutions are mapped to different sets of 
eigenvalues of the classical transfer matrix. These are realized through a set of quasi-momenta 
qi{x) z = 1, ■ ■ ■ , 10 depending on a spectral parameter x, which are defined on a multi-sheet 
Riemann surface with particular analytic properties. In particular, solutions living mostly in 
-"■^ have the following quasi-momenta as proposed in [5[ El [22] : 
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Here a is related to the energy A by a 

At large x, quasi-momenta are related with physical conserved quantities: 
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J's are angular momenta of strings moving in CP . Because we are interested in string solutions 
moving mostly in CP , we have set spins in AdS to zero. These quasi-momenta are related 



with each other by inversion symmetry: 
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Virasoro constraints in string cr-model manifest in the algebraic curve through the synchro- 
nization of poles at X = ±1 |i5j. 
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In contrast with the AdS^ x S^ case, we need three resolvents (?„, G^ and Gr- Subscripts u,v,r 

correspond to different kinds of excitations, which are also related with Dynkin labels of su{A). 

One can reproduce the charges of different string solutions by choosing different resolvents. The 

resolvents for the GM solutions, in particular, are log-cut distributions of Bethe roots and can 

be thought of as degeneration of two cuts [28l [29l [30]. At infinite J the GM resolvents are 

defined as [28] 
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while at finite size we have to think of the GM as a degenerate case of a two-cut solution with 
a resolvent [22l [291 [30] 
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There are three kinds of GM solutions in CP^ [121 [151 [Tg [191 [201 [2l] • H G, 
Gy = Gr = 0, then we obtain the small GM solution on CP . If we consider the f-type resolvent, 
we obtain small magnon with a reversed sign in the charge Q. If we set Gu = G^ = Gmagnon 
and Gr = 0, then we obtain a pair of small GMs, also called a MP^ solution. This solution 
corresponds to a GM excitation in each su{2) sector of the gauge theory, and in particular 
we will consider only configurations with the same momentum in each sector. Finally, the big 



Gy — Gr — G 



magnon 7 



which is two-parameter but one-charge 



GM solution corresponds to G^^ 
solution because Q is zero [T3] . 

Finite-size corrections of GMs in the algebraic curve can be computed from fluctuations of 
quasi-momenta. When we compute classical finite-size corrections, we use Gfinite and consider 
log-cut distribution of Bethe roots with small square-root cut at the tips. As deviation from 



usual log-cut is very small, we could take the leading term of the fluctuation of quasi-momenta 
[2^ ISP] . On the other hand, if we are interested in quantum corrections, we have to add extra 
poles to quasi-momenta with Gmagnon [2S] • Such extra poles give fluctuations of energy by sum- 
ming over on-shell frequencies. As we will explain in detail in sect. 2. 2, on-shell frequencies are 
efficiently obtained from the off-shell frequencies. We first compute the fiuctuation frequencies 
by using the off-shell method |25] in section 2.2 then evaluate energy shift in section 2.3. 

2.2 OfF-shell frequency of Magnons 

One- loop computation using the algebraic curve method has been developed in [261 [2Z]- As 
explained above, fluctuations of superstring flelds are mapped onto quasi-momenta fluctuations. 
These correspond to adding extra poles connecting sheets of the Riemann surface on which 
quasi-momenta are deflned [26j. From the quasi-momenta perturbations, we can compute 
fluctuation frequencies. 

There are two ways to compute fluctuation frequencies. In the on-shell method, we compute 
fluctuation frequencies by adding extra small poles to all physical polarization pairs. The 
position of these extra poles is determined by g^ (x^) — qj (x^) = 27inij. But this method 
involves repeated lengthy calculations for general solution, such as generic two-cut ones. More 
efficient way is the off-shell method where we need to consider only additional poles of quasi- 
momenta for particular polarization pair |25]. In this way, we don't flx the position of extra 
pole which we consider. The general ansatz for fluctuations of quasi-momenta can be written 
using analytic properties of algebraic curve. Then, we evaluate fluctuations of quasi-momenta 
at large x to determine the physical conserved charges. We can easily obtain off-shell fluctuation 
frequencies from these equations. 

We will use this efficient off-shell method to compute one-loop effects for dyonic GMs. 
Fluctuation frequencies fiij of all three types of GMs of AdS4/CFT3 are closely related with 
those of AdS5/CFT4 with one distinctive difference that there are two kinds of physical modes 
in AdS4/CFT3 - heavy and light modes. Heavy modes, however, do not contribute to one-loop 
leading term since it is suppressed exponentially. 

Because functional form of off-shell frequencies of all three GMs are identical, we only show 
off-shell frequencies for the small magnon. A small magnon is obtained by G^ = Gmagnon and 



Gy = Gr = [22| [T3] . The quasi-momenta of small magnon are given by 
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Here, r is a twist which is introduced to make single magnon satisfy the usual periodic 
boundary condition. In the case of small magnon, t = — |. (The twist for both a pair of small 
magnons and a big magnon is —p.) 

On-shell fluctuation energy is defined as follows: 

^n = -i^ijSi,! + 25' lim xS'^qi (x) . 

Here, Kij = 2 for {i,j) = (1, 10) , (2, 9) and Hij = 1 for other pairs. Also, riij are mode numbers 
and moduli of the algebraic curve. They satisfy that qf — qj = 2Tinij. To obtain off-shell energy 
from on-shell energy, we just change n-dependence in the above expression to quasi-momentum 
dependence as follows [25l|: 

There are 16 polarization modes for type HA superstring in AdS4, x CP^. They consist of 8 light 
modes which are (i, 5) or (i, 6) pairs and 8 heavy modes for other pairs. We have to compute all 
types of fluctuation frequencies for these polarization modes. But, as explained first in |25] and 
studied in [3l] for AdS4/CFT3, off-shell frequencies are related to each other by the inversion 
symmetry. The light modes are related by 
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and heavy modes by 



fil7 (x) = Qi5 (x) + Q57 (x) = Qi5 (x) + ^45 {x) 
fil8 (x) = Qi5 (x) + ^58 (x) = Qi5 (x) + ^35 (x) 



1^19 (x) = fii5 (x) + II59 (x) = 1^15 (x) + (^25 (a^) 

^110 (x) = fii5 (x) + Qi5 (x) = 2^15 (x) 

^27 (x) = ^25 (a;) + ^57 (x) = ^25 (x) + ^45 (x) 

r228 (x) = Q25 (x) + ^58 (x) = Q25 (x) + Q35 (x) 

r229 (x) = Q25 (x) + r259 (x) = 2^25 (x) 

n^j (x) = 1^35 (x) + n^r (x) = ^35 (x) + ^45 (x) . 

All fijj's can be written in terms of only ^15 and ^45. 

Now we calculate the off-shell frequencies by considering fluctuations of quasi-niomenta in 

the form of extra poles [2S1 [2Sl EZ]- The quasi- momenta fluctuations can be determined by 

properties (j2]) and (jSD- For (1,5) polarization, we must add extra poles to gi and q^. If we write 

Sqi, Sq4, Sq5 to satisfy the analytic properties, then Sq2 and Sq^ can be automatically written 

by inversion sjTiimetry. Note that Sq^ has self-inversion symmetry. The ansatz is then written 

as follows: 
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where a (x) = ^;jJrT • The unknown constants A± and B"^ in the above ansatz are determined 
by the following equations coming from the asymptotic behaviors of the fluctuations in ([1]): 

A^-A^ = ^ 
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A+ + A_ + B+ + B- = 0. (5) 

In the above equations, we used the Nij in ^18j. The fluctuation energy 6 A is given by the 
frequencies Qij 

5A = J2Nrp7r (6) 

ij,n 



For (1, 5) polarization, all Nij are zero except Ni^. Also, we add just one pole (A^is = 1). Then, 
from ([2]), we have 5 A = Vti^ (y). Now, we can solve 6 A from (E]), 

With the similar argument, we can also compute ^45 (y) which turns out to be the same as 
^15 (l/)- Using ^15 (y) and ^45 (y), we can obtain frequencies 



for the light modes, and 
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for the heavy modes, which are twice of those of light modes. 

These are exactly the same results as those of [TB]. Similarly, off-shell frequencies for other 
cases (pair of small and big magnon) can be evaluated. In other cases, we also consider the 
most general ansatz for fluctuations of quasi-momenta and compare their asymptotic with the 
conserved charges. Then, we get a set of similar equations as ([5]). The result for other magnons 
is exactly same than that of the small magnon. We can use the off-shell frequencies of the small 
magnon ([7]) and ([8]) for all other magnons. 

2.3 One-loop shifts of dyonic GMs 

The leading part of one-loop energy shift is given by the sum of fluctuation frequencies. 



^Aone-loop = ^ E E (-1)^'^ ^J = J ^^-^ (^) E ^^^ (-^f'' ^"^''' 



Here, 'jij = 1 for light modes and 7jj = 2 for heavy modes and Q (x) in the last expression is 
off-shell energy. When we change from infinite summation over n to integration over x, there 
are some non-trivial steps which we have to be careful [HI [271 SS] • 

When we evaluate the above integral by using saddle-point approximation, heavy modes 
can be suppressed because of the factor 2 in exponent. This is related to the fact there are no 
^jjf^ term in q^ or qq. Hence, only light modes are important in this computation. This fact is 
consistent with the observation in [32] that only 8 light degrees of freedom are physical. The 
other 8 heavy degrees of freedom of superstring theory are unstable. 



So we need to compute ^j. (—1) '^ e ^^'^^ ''^^ where the sum over {i,j) pairs includes only 
the light modes. Using quasi-momenta of the small magnon in (jll), we obtain 
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The pair of small magnon is obtained by the following ansatz: 
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For the big magnon, using the quasi-momenta 
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3 5-rQatrix and Liischer formula 

We use the Ahn-Nepomechie ^'-matrix of the AdS4/CFT3 pjj in the F-term Liischer formula 
to compute the quantum corrections for the various dyonic GM states. 

3.1 iS-matrix 

The A/" = 6 Chern-Simons theory contains two types of fundamental excitations, denoted by A 
and B, which belong to a fundamental representation of the centrally extended S'u(2|2). The 
S'-matrices among these states are given by 

S''^{PUP2) = S^^{p„P2) = So{pi,P2)Sip,,p,) 
S^''{P1,P2) = S^^{puP2) = So{pi,P2)S{p^,P2), 

where S is the sm (2|2)-invariant S'-matrix [331 El]- Main feature of the 5'-matrix is encoded 
into the two scalar factors, 
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where a (pi, P2) is the BES dressing factor [35] . These scalar factors have been checked classically 
in ^. 

Here we compute the leading one-loop correction using the F-term Liischer formula which 
is given by [371 ES EH] 
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The integrand of the formula consists of the kinematic and the S'-matrix factors. 
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For the kinematical factor we consider first the CP small magnon whose energy dispersion 
relation is given by 
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To compare the kinematic factor with algebraic curve results, we introduce a variable x defined 

by [231 [27]. 
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at strong coupling limit. The dispersion relation of virtual fundamental GM in this limit 
becomes 
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eUp) -,■''' ^ ""' 



x+x- 



Inserting these into the kinematic factor and changing the integration variable to x, one can 
get the same kinematic factor as that of the algebraic curve computation, 

/W-^ ixj , _, 

6 

For other types of dyonic GMs, the results stand in the same way. 

The S'-matrix factor in the Liischer formula contains scatterings between virtual and physical 
particles. In the leading order, only fundamental particles contribute to the sum over virtual 
particles b = 1,2,3,4 of both A and B types. The physical particles are dyonic GMs in su{2) 
sector which are bound states of Q number of bosonic particles with su{2\2) index a = 1q = 
(11 ... 1). Since the physical particles carry su{2\2) index 1, the relevant ^'-matrix elements are 

Sll = ai(pi,p2), 5*21 = ai{pi,p2) + a2(pi,P2), S^l = S^l = a^{.Pi,P2), 
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We choose the phase factors t/j in the string frame [33] 
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The relevant S'-niatrix elements for the dyonic magnons are S''^^^^'^ and S"^^^^*^ which are 
given by [21] 
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From these, we obtain 



where we defined x^ = X~, Xq = X"*", and x^ = x^_-^^. The s^s defined by 
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3.2 Small dyonic magnon (CP^) 

Dyonic small magnon is a bound-state of A-particles or 5-particles. Because the S'-matrices 
are invariant under A ^ B, we can only consider a A-particle without loss of generality. Then 
we can write the 5'-matrix elements for small dyonic magnon as below: 
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We can approximate y^ = x in the strong coupling limit for the leading F-term integration 
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It can be easily seen that the expression in bracket with the exponential factor in front is exactly 
the same as the result in (I9l) in algebraic curve for small dyonic magnon. 

3.3 Pair of small dyonic magnon (MP^) 

In case of MP dyonic magnon, we need to consider a pair of A and B type dyonic GMs in 
the physical state with the same momentum pi = P2 = p [24]. The F-term Liischer formula 
becomes [23] 
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Using the 5'-matrix elements in (ITSll and (fT6|) . we obtain 
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By comparing this with ( ITOj) of algebraic curve, one can confirm that the energy shift from both 
methods agree each other. 



3.4 Big magnon 

Particle interpretation of big magnon is not clear until now. We propose that big magnon may 
be superposition of a small magnon and an "anti-small magnon" . The anti-small magnon has 
the same momentum as the usual small magnon but the quantum number —Q. Then, we can 
compute S-matrix elements as below: 



E 



-1)"' St(q\p) 



b 



-1 



^F, I g 



blo'^ W- 



•^ blQ -^ 



Q 
bl-Q 



From these S'-matrix elements, we have 



E 



X 



-ir'K(9*,p))=2n 

y-x, 



k=l 




y-x, 





V (XQ) ) 



-i{A-J) 



M^ 



;i + S2S2 - 2S3S3) • 



The primed quantities, A',S2 and S3, are related to those unprimed by X^ — )■ ^w which is 
equivalent to changing Q — )■ —Q. From the S'-matrix element, the one-loop correction of big 
magnon is given by 



5 A, 



CtX ^ ^-. / \ — "iA y-^ r- , 

d^n (x) e M-'-^)A 

2m 



X 



1 

x+ 



X 



X- 



x-X- 
x-X- 



oW 



This result matches exactly with that of the algebraic curve ( 1121) . The one- loop corrections 
for pair of small magnon and big magnon are exactly the same in the non-dyonic limit. While 
the physical meaning of the anti-magnon state is not clear, the one-loop correction analysis 
suggests how to express the big magnon state in terms of the on-shell particles. 



4 Multi dyonic magnons 

As authors of [22l [29l [30] first explain, in algebraic curve technology, the case of (X, M )-type 
magnon is realized as a sum of X resolvents of u and M resolvents of v type. The meaning of 
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the r-type resolvent is not clear in the 5'-niatrix interpretation. So, we set the r-type resolvent 
to zero and consider only A^-number of M-type excitations and M-number of f -type excitations. 
These correspond to general excitations of iV-number of A-tjpe dyonic magnons and M-nuniber 
of S-type dyonic magnons in spin chain. CP^ and MP^ magnons are special cases of this general 
multi-magnon state. To compute one-loop finite size effects for such configurations of magnons, 
we use the following quasi-momenta ansatz: 



ax 



(l3 



-qw 



-gg 



x^ 



ax 



x" 



N+M 



N+M 



-* - ;^ H- E (gJ (0) - Gl (i) ) H- ^ E _ {gI (0) - gJ (i 

TV N+M N+M 

fc=l k=N+l i=l 

N , . . s N+M , , 

fc=l ^ V / / h=N+\ ^ ^ 



Ti 



Here, G\ [x) and G^ [x) are all the same with G 



magnon 



— ilog 



x-x: 



and Ti = — ^. 



The problem here is that unknown functions in the fluctuations of quasi-momenta can not 
be completely determined by the constraint equations coming from asymptotic limit. So we 
get some undetermined functions ai which satisfy Yli Q^i = 1 where the index / runs from 1 to 
A^ + M. This feature of the fluctuation frequencies for multi-particle states is noticed first in 
[12] for A/" = 4 SYM. In AdS4/CFT3, off-shell frequencies are as below. 



nr (^) 



x^ — 



1 r ^ / X++X, 



xr + i 



Q 



multi 



(x) 



W ^"-l 



^r (^) 



X- 



2 / v^ f X+ + X, 



xr + i 



^i ^^i 



We obtain the integral representation of the one-loop effect as before by using fimuiti (x) and 
quasi-momenta for multi-magnons configurations. 



EM) 



^ii Q-Kli-li) 



N 

n 



X — 



i\^~3f7 \^~^. 



x-XrV ""^ /^ x: 



+ n 



x-x: 



j=N+l 



x-4t \x-x:! 



X 
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(23) 

Here {i,j) pairs include only light modes. To compare this with multi-particle Liischer for- 
mula, we need to compute the S-niatrix factor which includes scatterings between a virtual 
fundamental magnon and multi dyonic magnons. The S-matrix factor is given by 



'Qn+M 



f i\ f Qn m\ ^ (^1^0 ^ (^ 

/N N+M \ . . \\T,Qi ^+^' 

X [\[Ssos{v,X?')+ n Sso.{v,X?-)] (|M) ^(-If' n ^'W 

\i=i i=N+i J \i\y)/ ^ j=i 

Using Sh{p) defined in (IT7|) and Sbds in dlSD, we can obtain the final expression 



X 



, N+M /r — 

2m 

1=1 ^ ' 



1+n 



''^'' ^x-X, 




Here we have used multi-particle Liischer formula [42j. It is straightforward to check that this 
result matches with the algebraic curve result ( 123|) . 

5 Conclusions 

In this paper we have computed the quantum finite-size effects for CP^, MP'^, and big magnons 
and general combination of these magnons. We have computed the off-shell frequencies of 
magnons from the fluctuations of quasi-momenta and summed over all the physical polariza- 
tions. We have shown that these results agree with the F-term Liischer formula based on the 
AdS4/CFT3 S-matrix proposed in [11]. This provides a stringent check for the S'-matrix up to 
the one-loop order as well as the off-shell algebraic curve method. 

In the computations, we have noticed that the unstable heavy modes should be suppressed 
in the AdS^ x CP^ algebraic curve. We also provide an on-shell particle interpretation of the big 
magnon, which was found in the context of the algebraic curve [18] and the dressing methods 
[TOl [20l [2T] . as a bound-state of two small dyonic magnons with u{l) charges Q and —Q, 
respectively. Our result shows that the Liischer F-term based on this particle interpretation 
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correctly reproduces the one-loop energy shift from the algebraic curve method. It is not clear 
at this moment if this is just mathematical coincidence or has a deeper physical meaning. In 
the AdS5/CFT4 context, it has been argued that a dyonic magnon state with —Q is an anti- 
magnon state which is obtained by reversing time direction |33] . It will be interesting if this 
argument also applies to AdS4/CFT3. 

The undetermined functions ai arising in the algebraic curve method for multi-magnon 
states should be determined in the S'-matrix approach. For example, the multi-particle Liischer 
formula in [S] doesn't include any such functions. In fact, these functions are related with the 
variation of Bethe-Yang equations. Therefore, we can compute ai from Bethe-Yang equations. 
In the case of the strong coupling limit, terms that contribute to ai vanish in the F-term 
integration for multi-magnons by using saddle point method. However, it becomes important 
to determine these ai at weak coupling regime such as in the five-loop Konishi computation 



Note added: 

While typing this article, we have found a paper ^46j whose results on the off-shell algebraic 
curves overlap partially with ours. 
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